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Abstract

We report on the studies of quenching effects in N, scintillation. Our main interest is to find a practical gas that
reduces the scintillation yield in air substantially. We have studied O,, CO,, and CHy4 in N;, and have determined their
Stern—Volmer constant. When two quenching gases are used in a mixture, the effects are found to be additive. The
quenching mechanism of these gases is discussed and its practical application is reported.
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1. Introduction

Nitrogen gas scintillation has been known to
exist for a long time, and has been employed as a
particle detector in many experiments [1-6]. It is
an essential phenomenon for these detectors, but
is rather harmful for some applications. This is
exactly the case for a detector we are now
preparing.

This detector, called a beam catcher, is a part of
a bigger detector system in an experiment named
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E-mail address: nomurat@scphys.kyoto-u.ac.jp
(T. Nomura).
"Present address; FSIABC Inc, Kanagawa 247-0072, Japan.

KOPIO [7]. The experiment itself is to measure the
branching ratio of K —»n’vv with a single event
sensitivity of ~6 x 10713, The beam catcher is
placed inside a K beam, and its role is to
distinguish  high-energy gamma rays (100-
1000 MeV) coming from Kjp decays from the
much more abundant neutrons. The beam catcher
itself will be detailed elsewhere. Below we briefly
describe it to clarify our motivation for the study
reported here. The beam catcher is composed of
many identical modules; each module is essentially
a sandwich calorimeter consisting of a lead plate,
an aerogel tile, light collecting mirrors, and a
photomultiplier tube (PMT). We note that there is
an air gap between the aerogel and the mirror. The
PMT detects the Cherenkov light produced in the
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aerogel radiator by the electrons and positrons of
an electromagnetic shower. It is essential for the
experiment to reduce as much as possible the
misidentification probability, i.e. the probability of
detecting neutrons as gamma rays. This is the very
reason we must employ a Cherenkov radiator with
a low refractive index, instead of the more
commonly used scintillator; it is relatively insensi-
tive to heavy charged particles.

As stated, there is an air gap between the
radiator and the light collecting mirror, and this
would give background counts due to nitrogen
scintillation. This scintillation yield can be com-
pletely neglected as far as the high-energy gamma
ray detection is concerned. Namely, the expected
number of photoelectrons due to the N, scintilla-
tion is much smaller than that from Cherenkov
photons created by the gamma rays of our interest.
However, neutrons, which are by far the most
abundant particles passing through the catcher
module, would produce charged particles which in
turn make scintillation light in the air. The
background signal observed in the PMT is
expected to be single-photon random pulses; the
PMT would behave as if it had an additional dark
current source. Thus, we made a GEANT3 [§]
simulation to calculate this noise current, and
concluded that in the worst case it would result in
unsatisfactory PMT operation, such as high
trigger rate and/or gain change, etc.? It is, thus,
desirable to reduce this background scintillation;
actually, we set our goal to reduce it by a factor of
3—4, considering that it would then be dominated
by other intrinsic noise sources produced by
neutron reactions. We note that it is impractical
to install the aerogel and/or mirrors in a vacuum
vessel. Thus, the only way is to find a quenching
gas to suppress the nitrogen scintillation.

The paper is organized as follows. Section 2
describes our experimental setup, data taking, and
analysis procedures. In Section 3, the results are
presented with discussions. Section 4 is devoted to
the conclusions.

2The ambiguity in the conclusion was due to uncertainties in
the neutron spectrum and their interactions used in the
simulation.

2. Experiment
2.1. Setup

To compare the scintillation yields in various
gases, we evaluate the light yield per energy
deposit in the gas. In this experiment, scintillation
lights, registered by a-particles of known energy,
are detected by two photomultipliers. Energy
deposit in the gas is evaluated by measuring o-
particles’ final energies after they traverse the gas.
In order to avoid uncertainty due to geometrical
effects, the measurements are performed with
various flight distances of a-particles.

The experimental setup is shown in Fig. 1. It
consists of a gas-tight vessel made with crossed
SUS404 pipes, two 2-in. PMTs to view scintillation
light through the top and bottom quartz windows,
an o-ray source attached to the head of a rod, a
PIN photodiode (PD) to measure the Kkinetic
energy of a-particles, and a light emitting diode
(LED) used to check and monitor the PMTs. The
actual o-source is Z*'Am; it emits 5.486-MeV
(85%) and 5.443-MeV (13%) o-particles. The
photodiode is a Hamamatsu [9] S3590-09 [10],
which has no protection layer on the injection
surface. It is used to create a trigger signal upon
detection of a-particles, and to measure their
remaining kinetic energy after passing through
the gas. The distance between the source and
photodiode (denoted by Lg,) can be varied by
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Fig. 1. Cross-sectional view of experimental setup. a-particles
emitted from 2*'Am source lose their energy in gas and are
caught by PIN diode (PD). Scintillation light is detected with
two PMTs on the top and bottom of the vessel.
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pushing or pulling the rod. The PMTs in use are
Hamamatsu R2256-02 and R329-02 [11]; they
have a bialkaline cathode with quartz (R2256-02)
or borosilicate glass (R329-02) window, respec-
tively. Pure and mixed gases are introduced into
the vessel after evacuating it for at least 5 min. The
mixing ratio is controlled by adjusting flow rate,
and is monitored by gas flow meters. We estimate
uncertainty in the gas mixing rate to be about 5%.
All measurements are done at one atmospheric
pressure, and a room temperature of 22°C.

2.2. Data acquisition system and data taking
procedure

Fig. 2 shows a schematic diagram of our
readout system. The PD signal is first amplified
by a pre-amplifier, and then discriminated. The
threshold level is set to 1.0 MeV. Its output is fed
into two gate generators, which provide the gates
to two types of analog-to-digital converters
(ADC); one is a pulse-height sensitive ADC for
the PD signal (1-ps-long gate), and the other is a
charge sensitive ADC for the PMTs (80-ns-long
gate). With a trigger signal, a data taking cycle is
initiated by a computer, and all ADC data are read
via a CAMAC system.

We prepare five kinds of gases; nitrogen (N3),
dry air, oxygen (O;), carbon dioxide (CO;), and
methane (CH4). The mixing ratio is changed by a
step of about 10%. For each gas mixture, the
source—photodiode distance (Lsp) is varied from 5
to 30 mm by a step of 5 mm. Each data point
consists of about 40,000 triggers.

discri. width
PD ——Pre Amp Gate Gen |y
L width¥1.0us
Post Amp) PH ADC
PMT PMT Amp ADC

Fig. 2. Readout system in schematic diagram. Circuit is
triggered by PD signal with a threshold level of 1.0 MeV in a-
particle kinetic energy. With trigger, gate generators make two
gates with different widths (80 ns and 1 ps), and the ADC of
PMT and PD are read.

2.3. Data analysis procedure

In this subsection, we present our data analysis
procedure, taking the data of pure nitrogen gas as
an example. Fig. 3 shows an example of the PD
pulse height distribution; this particular data is
taken at Ly, = 15 mm. Fig. 4 shows corresponding
ADC spectra for the PMTs. First of all, we fit a
Gaussian function to the PD spectrum, and
require events to be within +2¢ around the peak.

The two vertical lines in Fig. 3 indicate the cut
boundaries. The lower (upper) curves in Fig. 4 are
the PMT spectrum after (before) this cut. We then
calculate the number of photoelectrons (#.) from
this spectrum, for which we employ two different
methods: one is to calculate inefficiency (the sharp
peak on the left in Fig. 4), and the other is to
calculate the mean of the spectrum. In both cases,
we assume the Poisson statistics to hold for the
observed photoelectrons. In the former method,
the inefficiency is expressed by

Py = exp(*<npe>) (1)

where Py represents the probability of observing
no photoelectron (i.e. inefficiency), and {(np. ) is
the average number of photoelectrons. In reality,
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Fig. 3. Typical PD spectrum taken at Ly, = 15 mm in pure N,
corresponding to 4.2 MeV in a-particle kinetic energy. Shaded
area shows the +2¢ region around the peak.
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Fig. 4. Typical PMT spectrum taken at Ly, = 15 mm in pure N, for PMT1 (left) and PMT2 (right). The lower (upper) curves are the
PMT spectrum after (before) PD spectrum cut and shaded region shows the inefficiency counts.

Table 1
Number of photoelectrons obtained with two methods for pure
N; at Ly, = 15 mm

Method PMTI (R2256-02) PMT2 (R329-02)
Inefficiency 2.014+0.07 1.954+0.08
Single photoelectron  1.98+0.04 1.954+0.04

we define the inefficiency as the counts below the
lowest point between the zero and single photo-
electron peaks. For example, the shaded region in
Fig. 4 shows the inefficiency counts.

In the latter method, we calculate the mean of
the spectrum, and divide it by the one photoelec-
tron peak channel, which is obtained by a separate
calibration run with the LED. The number of
photoelectrons obtained with these methods are
listed in Table 1.

Two points are of our interest in the table. First
of all, since PMTI1 has sensitivity in a wider
wavelength region, it may observe in principle
larger number of photoelectrons. In reality, the
results from PMT1 and PMT2 are in good
agreement, indicating the N, scintillation is pre-
dominantly in the visible region, where both
PMT1 and PMT2 have identical sensitivities. We
will discuss this in more detail in Section 3.1. The
second point to be noted is agreement in the two
measurement methods. The measurements at other
distances and/or with other gas mixtures indicate

energy (MeV)

0 5 10 15 20 25 30 35
distance (mm)

Fig. 5. PD peak as function of Lg, for pure N;. The horizontal
error bars represent the uncertainty of a-source position. The
vertical errors are negligibly small. The solid curve is the result
of GEANT3 simulations.

they always yield consistent results. In the follow-
ing, we quote only the results from the inefficiency
method because the other method (single photo-
electron) is found somewhat vulnerable to PMT
gain change.

The next step in the analysis procedure is to
deduce energy loss AE of a-particles in the gas.
Fig. 5 shows the peak of the PD spectrum (such as
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shown in Fig. 3) as function of Lg,. In this plot, the
peak position at zero distance is assigned to
5.48 MeV. The solid curve is the result of
GEANTS3 simulations. As seen, they agree fairly
well with each other, although a small discrepancy
exists at large L,,. We regard that the PD signal
(measured value) represents the kinetic energy
remained after the dE/dx loss in the gas. For
example, at the distance of Ly, = 15 mm, the a-
particle loses the energy of AE =548 —4.20 =
1.28 MeV in the gas.

Fig. 6 shows the number of photoelectrons per
unit energy loss, n,./AE, as function of Lg,. Also
shown is a geometrical acceptance calculated with
a simulation code. The vertical errors assigned to
the data points represent the statistical errors, and
the horizontal error shows an uncertainty
(£0.5 mm) assigned to the location of the a-
source (positioning error). The vertical errors
assigned to the geometrical acceptance are the
difference in acceptance when the source has the
positioning error quoted above.

In order to calculate the total number of
photons emitted by the gas per unit energy loss
(dNpn/dE), we need to know the quantum
efficiency of the PMT photocathode and also the
emission spectrum of the N, scintillation. For
the sake of simplicity, we completely neglect the
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Fig. 6. Number of photoelectrons per 1 MeV energy loss (solid
dots with crossing error bars) for pure N,. The geometrical
acceptance is shown by the triangle points.
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Fig. 7. dNyn/dE as function of Ly, for pure N,. The vertical
errors represent statistical errors combined with the effect of a-
source positioning uncertainty.

emission in the UV region (see Table 1), and
assume a flat spectrum in the visible region.
Averaging over the quantum efficiency curve
provided by Hamamatsu [12], we find the average
value to be 20%. We estimate that this value has
an error of ~10%.’ In the following, all the values
quoted as dN,,/dE should be understood to have
this scale error.

Fig. 7 shows the plot of dN,,/dE versus Lgp.
The errors come from statistics and those in the
geometrical acceptance, which in turn stem from
the o-source positioning uncertainty. They are
combined in quadrature.

As expected, the measured points are indepen-
dent of the distance Ly,.* We define the value
{dNpn/dE) to be the best fit of these values; this

3The estimate is largely based upon our past experience; the
quantum efficiency depends upon tube-to-tube characteristics
and/or tube’s age. In our case, PMT1 may have a lower value
than PMT?2; this is inferred from the disagreement between our
observation of no UV-emission and the data reported by
Duquesne and Kaplan [13], who reported the 20% N
scintillation in the UV region. Incompatibility depends upon
assumed emission spectrum in UV; however, 10% scale error in
the average quantum efficiency seems to be adequate.

*These particular data seem to have some systematic
tendency by accident. However, the same kind of data for
other gas mixtures do not have such tendency.
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is indicated by the horizontal line in Fig. 7. For the

pure nitrogen, we find

{dNpn/dE) =141.1£2.1
=146.2+2.1

(PMT1)
(PMT2).

These values are consistent with the value given by
Birks [14].

3. Results and discussions
3.1. Scintillation light yield for pure gases and air

In this subsection, we present our results for 4
pure gases (N, O,, CO,, and CHy) and dry air. In
order to calculate photon yield, we need to know
the emission spectrum for each gas at least in the
visible region. Since we are unable to find it, below
we simply use the same average quantum efficiency
of 20% as that of N,. Table 2 lists the values of
{dNpy/dE) for 4 pure gases and dry air.

As can be seen from Table 2, there is no big
difference between PMT1 and PMT?2 for all gases,
justifying the assumption that the emission is
predominantly in the visible region. Hereafter, we
only quote the results from PMT2, considering
that we will actually use this type of photocathode
and window material.

3.2. Quenching effect in pure nitrogen

In this subsection we show the results of
quenching effect in pure N,. When quencher gas
(oxygen, for example) is mixed into pure nitrogen,
energy transfer such as N5 + O, —» N; + O3 occurs
and O decays non-radiatively. Here, N5 and O}

Table 2
The number of scintillation photons per 1 MeV energy loss
({dNpn /dE D)

Gas PMT1 (R2256-02) PMT2 (R329-02)
N, 141.1+2.1 146.2+2.1

Air 25.46+0.43 26.06+0.46

0, 0.61+0.22 0.46+0.22

CO, 5.09+0.28 4.904+0.27

CH,4 1.39+0.09 1.3240.08

symbolically represent any excited states created
by ionization or collision. This mechanism, called
quenching, reduces the light yield of scintillation.
If the fraction of the quencher gas is small,
quenching effect is represented by a model by
Stern and Volmer [15], expressed by

B Ngh(NZ)
PR T T Ke

where Ngh(Nz) represents the light yield from pure
nitrogen, K the Stern—Volmer constant and c¢ the
fraction of the quenching gas. The constant K
measures the importance of the quenching effect.
In our experimental conditions, Eq. (2) is expected
to hold for ¢<1.

A phenomenological model can be developed to
extend the applicability of original Stern—Volmer
equation to the full range of ¢. The derivation of
the model can be found in Appendix A, together
with a brief description of the original model. The
modified model is expressed as

(@)

1
Now =177, (1 - ONSL(N2) + eNJ(Q)

+ (1 = ONpn(Q—Na) (©)

where Ngh(Q) is the light yield of a pure quencher
gas and Ngh(Q—>N2) measures the effect of energy
transfer from quencher gas to radiative excited
states of Nj. Fig. 8 shows the measurement results
obtained for the N,—O; gas mixture.

The ordinate represents {dNpy/dE ) while the
abscissa is the fraction of oxygen gas. The solid
curve shows a fit with Eq. (3). In this fit, we assume
N, (N2) and N, (Q) are given by the data at ¢ = 0
and 1, respectively. (See the values of PMT2 in
Table 2 for NJj(N2) or Njj(Q) actually used.) We
find K and Npn(Q— N,), free parameters in the fit,
are K=207+15 and Npw(Q—-Ny) =7112.1,
respectively. The dashed curve in Fig. 8 is a fit
with the original Stern—Volmer model (Eq. (2)).
Here the fit region is restricted to ¢ = 0-0.4. We
note that although Eq. (2) is only valid for ¢ <1, it
reproduces the data points well up to ¢~0.4. This
is because the effects of (1 — ¢) in the 1st term and
c(1 — c)Ngh(Q—>N2) in the 3rd term tend to cancel
each other. The resultant Stern—Volmer constant
from this fit is K = 26.4+1.5. Birks [14] quotes
K =20 from Grun and Schopper [16]; since this
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Fig. 8. O, quenching effect in N,. The solid and dashed curves
show the fits with modified (¢ = 0-1) and original (¢ = 0-0.4)
Stern—Volmer models, respectively. The fitting region is shown
in the parentheses.

experiment was done at a pressure of 585 mmHg,
the value corresponds to K = 25 at our conditions.
We conclude that this value agrees with both of
our results although it is slightly closer to one
obtained with Eq. (2).

Fig. 9 (Fig. 10) shows the same plot for the
mixture of N, and CO, (N; and CHy), together
with the curves obtained by a similar procedure. In
all cases, the modified Stern—Volmer model
(Eq. (3)) reproduces the data points very well in
the full range of ¢. We summarize the results in
Table 3, in which y?/v represents the chi-square
per degree of freedom in the fit.

3.3. Quenching effect in air

In this subsection, we present the results of
quenching effect in the case that the quencher gas
is mixed in air. For the mixture of three gases, the
quenching effect is expected to work additively.

The values of 2 are all small compared with their expected
value of v. This fact indicates possible overestimate of errors
assigned to the data points. However, we leave them as they are
because the fits seem satisfactory, judging from Figs. 8-10.
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Fig. 9. CO, quenching effect in N,. The solid and dashed
curves show the fits with modified (¢ =0-1) and original
(c = 0-0.4) Stern—Volmer models, respectively. The fitting
region is shown in the parentheses.
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Fig. 10. CH4 quenching effect in N,. The solid and dashed
curves show the fits with modified (¢ =0-1) and original
(c =0-0.4) Stern—Volmer models, respectively. The fitting
region is shown in the parentheses.

Thus, Eq. (3) can be modified to

(I—ci—c) 0
Npy=————""S N (N N i
ph 1+ Kic; + Kres ph( )+ = [ci ph(Ql)
+ ci(1 — ¢ — c2)Npn(Qi = No)] 4)
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Table 3

The Stern—Volmer constant K in pure nitrogen. In the original model, the fit range is ¢ = 0-0.4, and in the modified model, ¢ = 0-1

Modified Stern—Volmer (Eq. (3))

Original Stern—Volmer (Eq. (2))

Quencher gas K Npn(Q—N) 72 /v K 72 /v
O, 20.7+1.5 7.1+2.1 1.4/4 264+1.5 1.0/3
CO, 45.7+4.0 2.6+1.7 3.7/4 48.5+3.0 1.6/3
CHy 51.8+5.1 9.3+1.8 1.0/4 53.3+2.7 1.8/3
30 30
2 | 25
S L
[ r —
2 2 3 20
e =
o L o
S 15 N S 15
S [ N =3
9] S
§ 10 f 3 10 \"k‘
c [ g 1S
\%\d:-‘ g \-“
I — —
- 5 e
ol 0
0 0.1 0.2 0.3 0.4 05 0 01 0.2 0.3 0.4 05

CO, concentration

Fig. 11. CO, quenching effect in Air. Solid curve shows the
prediction with Eq. (4).

where suffixes 1 and 2 distinguish the gas species. In
the case that a quenching gas is added to the air,
quenching effect is the sum of the oxygen and
quencher gas, where we ignore the effect of other gas
species in air. We investigate the quenching effects in
air, hoping to find out appropriate gas mixture
usable in the actual experiment. Figs. 11 and 12
show the measurement results obtained for the Air—
CO; and Air—CH, gas mixture, respectively.

The ordinate and abscissa are the same as in
Fig. 8, and the solid curves show the prediction by
Eq. (4) using the measured values for the para-
meters Ngh(Nz), Ngh(Qi), Npn(Q;i—> Ny) and K; (i =
0,, CO,, CH,). The resultant values for the chi-
squared per degree of freedom are y>/v =4.4/5
(CO,) and y2/v=23/5 (CH,).° The agreement

®In evaluating x?/v, we included the effects due to
uncertainty in the gas mixing rate (5%) shown by the horizontal
error bars.

CH,4 concentration

Fig. 12. CH4 quenching effect in Air. Solid curve shows the
prediction with Eq. (4).

between the prediction and the data indicates the
validity of the assumption that quenching effect is
additive in these gases. From Figs. 11 and 12, we
conclude that we need to mix 30% of CO, or 20%
of CHy to reduce the scintillation due to the air by
a factor of 3.

4. Conclusions

In this paper, we have presented the measure-
ment of the quenching effect in N, gas scintilla-
tion. The quenching gases studied are O,, CO; and
CH,4. Among these gases, CHy is the most
effective. We find the quenching effect can be well
represented by a phenomenological model of
Eq. (3) for a full range of quencher gas concentra-
tion ¢. When two quenching gases are mixed to Ny,
the effect seems to be additive. The quenching
effect occurs most likely due to energy exchange by
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collisions between the gas molecules. As to our
original motivation of the study, we are now
confident that the N, scintillation background can
be reduced to a tolerable level by adding CO, or
CHy in the air. Pure O, or CHy4 should be avoided
for safety reasons, but CO, may be an option.
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Appendix A. Stern—Volmer model
A.1. Stern—Volmer model

In this appendix, we derive the Stern—Volmer
model by treating quenching mechanism phenom-
enologically. Here, we deal with the simplest
situation: one quencher gas is mixed in Nj. Let
us assume, for simplicity, only one excited state of
Ny is involved in scintillation, and decays through
one of four deexcitation modes: radiation (k),
internal quenching (k;), collisional quenching with
N (kgn,) or collisional quenching with quencher
(kqq)- The rate parameter (1/s) for each process is
denoted by the quantity in the parentheses. Then,
the total rate (k) can be expressed as

k= kp + ki + kgn, (1 — ) + kqgqc, (A.1)

where c is the concentration of quencher gas. Note
that we have neglected a scintillation term by the
quencher because the actual gases we used have a
very low scintillation power.
The scintillation efficiency ¢ can be represented
by
ky ky

&= -

k Ky + ki + ko (1 — €) + kgqt

(A.2)

The number of emitted photons due to N
excitation is proportional to ¢ and the number of
N3. A straightforward calculation leads to

1
Npn(N2) = (1= ) 7 Nn(V2) (A3)

where K = (kqq — quz)/(kf + ki + quz) is intro-
duced for simplicity, and N} (N3) is the number of
photons emitted when ¢ = 0 (pure Ny).

Usually the Stern—Volmer equation is quoted as

Ngh(Nz)
1+ Kc’

which is valid when c¢< 1.

Npn(N2) = (A.4)

A.2. Modified Stern—Volmer model

In order to make the Stern—Volmer model
applicable to all range of quencher concentration
¢, we introduce light emission mechanism induced
by quencher gas and energy transfer back to Nj.
Again, we assume that one excited state of
quencher gas Q* deexcites through five modes:
fluorescence (kfy), internal quenching (k7), colli-
sion with N, decaying radiatively (k;Nz), or non-
radiatively (kaNz)’ and collisional quench with
quencher gas itself (k&Q). The rate equation can be
written as

k' =kig + ki + kin, (1 = ©)

+ kgn, (1 = ©) + ke (A.5)
where k' is the total rate for the excited quencher
gas. We note that the term proportional to kaz

plays an important role.” The scintillation effi-
ciency ¢ for Q™ becomes

to + kin, (1 —¢)
g = fo (A.6)
Again, a straightforward calculation leads to
cNJL(Q) + (1 = )N (Q— N2)
1+ K'(1—-¢)

Npn(Q) = (A.7)

"1t is possible to think of a situation in which ki, will be
modified further due to tertiary processes such as collisions with
other N, or the quencher molecules. If this is the case, kfy,
would be a function of ¢. However, as will be seen, the term is
important only when ¢~0.5; thus we have treated it as a
constant for simplicity.
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where Ngh(Q) is the number of photons emitted
when ¢ =1 (pure Q), and K’ = (kpy, + kgn, —
kqo)/(kiq + ki +kiq) 1s an equivalent of the
Stern—Volmer constant K. The notation
Npn(Q— N,) is introduced for convenience; it
represents the number of emitted photons by the
energy transfer process from Q to N;. We note
N3L(O)/Now(Q— Na) = ki, /kiy, - The total number
of emitted photons is the sum of N,n(N,) and
Nph(Q):

Non =(1 =0 CNSh(Nz) +eNp(0)

1

1+ K

+ (1 = ¢)Npn(Q—N2). (A-8)
Here, we have neglected the K'(1 — ¢) term in the
denominator of Eq. (A.7). When ¢~ 1, the term
can be neglected while, when c¢< 1, the 1st term
(ocNgh(Nz)) in Eq.(A.8) dominates the entire
contribution. Thus, the term K'(1 — ¢) is insensi-
tive in a fitting process, and is neglected for
simplicity. In addition, it is natural to expect K’
not to be large (|K’|<1) because the quenching
term k; or ki, dominates the other modes in the
quenching gases we used. In summary, the 1st term
in Eq. (A.8) dominates when ¢ < 1 while the 2nd or
3rd term plays an important role when c¢~1 or
c~0.5.
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